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Abstract 
Fundamentals of the mode method including orthogonality conditions between different modes and derivations of coupled 
equations systems for unknown expansion coefficients are given in the paper for the case of 2D isotropic structures. Using the 
mode method, several concrete problems of ultrasonic waves diffraction in non-homogeneous layered structures are presented in 
the paper such as: Scholte-Stoneley wave excitation and conversion at the edge of a liquid loaded plate, interaction of Lamb 
waves with delaminations in plates coated by highly absorbing materials and nonlinear modulation of Lamb modes by clapping 
delaminations.  
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1. Introduction 
The interest to study the diffraction phenomena occurring when ultrasonic waves propagate in configurations, 
characterized by non-homogeneous behavior in spatial directions (these configurations include typically different 
kinds of defects), is created by their importance for non-destructive testing and characterization of materials. 
Interaction of Lamb modes with different kinds of defects including delaminations and cracks was extensively 
studied using both modal decomposition and finite element methods (for example, Rokhlin (1981) or Castaings et al. 
(2002)). The mode method is essentially based on the construction of a complete orthogonal set of modes in which 
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an arbitrary acoustic field within considered configuration can be expanded; this method proved to be a powerful 
tool to study the interaction of acoustic waves with defects and other kinds of discontinuities in non-homogeneous 
structures. The present paper is concerned with two-dimensional propagation of ultrasonic waves in non-
homogeneous isotropic structures. The mode method fundamentals are given in the second paper section and 
different diffraction effects occurring when ultrasonic waves propagate in non-homogeneous layered structures with 
abrupt discontinuities are briefly described in the third paper section.  
2. Fundamentals of the mode method 
A non-homogeneous structure under consideration is described as follows: a homogeneous in the x direction 
structure is represented in the y direction by a set of parallel layers consisting of different isotropic materials (a 
medium surrounding the layered structure is suggested to be non-absorptive). The structure type (layer materials or 
thicknesses) changes at nz z=  in the z direction (n = 1, 2, 3,...), that is a non-homogeneous structure is represented 
by a set of homogeneous sub-structures at 1n nz z z +< < . In each homogeneous sub-structure, the acoustic 
displacement vector ( , )y zu  assuming to be uniform along x coordinate (two-dimensional propagation) can be 
expanded in a complete set of modes; this expansion is generally written down as follows:    
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where yk  denotes the y component of the wave vector k in the surrounding medium, the index 1m  refers to the 
radiation modes generated by plane waves emerging from +∞ , and 2m  - to the radiation modes generated by plane 
waves emerging from −∞ . The summation is taken over the two types of radiation modes representing bulk 
acoustic waves and over surface modes; integration is taken over the continuous spectrum of radiation modes. 
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C  are, respectively, displacement vectors and expansion coefficients for the radiation ( 1,2m ) and 
surface ( ms ) modes. Analogous expansion is valid for the stress tensor components ( , )ik y zσ . All radiation and 
surface modes are orthogonal; to orthogonalize different kinds of radiation modes, it is necessary to construct certain 
linear combinations 1,2r  of radiation modes 1m  and 2m . As a result, we arrive to the following orthogonality 
conditions for radiation modes: 
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where 
1 2,r r
δ  is the Kronecker symbol, δ  is the Dirac delta function, 
1 2,r r
Q  are the normalization constants. Eq. (2) is 
equal to zero, if one of the radiation modes is replaced by a surface mode. Orthogonality conditions between two 
different surface modes 1r  and 2r  are the same as given by Eq. (2) without Delta function in the equation right hand 
side. Orthogonality condition (2) occurs in all isotropic structures, another orthogonality condition (complex 
conjugated one) takes place only in non-absorptive structures (Briers et al. (1994)). Using boundary and 
orthogonality conditions at division planes nz z= , system of linear integral or algebraic equations (if the set of 
modes is represented only by surface or waveguide modes) for unknown expansion coefficients can be derived. 
  
3. Acoustic diffraction effects in non-homogeneous layered structures 
 
   Scholte-Stoneley wave conversion and excitation at the edge of a liquid loaded plate and effects of Lamb modes 
diffraction on delaminations in composite plates are briefly analyzed by the mode method in this section.    
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3.1. Scholte-Stoneley wave conversion and excitation at the edge of a liquid loaded plate 
 
   A non-homogeneous structure in this sub-section is represented by a non-absorptive plate immersed in a liquid at 
0z <  (this is the first homogeneous sub-structure) and by a homogeneous liquid for 0z >  (this is the second 
homogeneous sub-structure). Two types of symmetric and antisymmetric radiation modes and Scholte-Stoneley 
eigenmodes propagating along plate surfaces represent the set of modes in the first sub-structure; similarly, two 
types of symmetric and antisymmetric radiation modes represent the set of modes in the second sub-structure. Using 
the boundary and orthogonality conditions on the division plane 0z = , the system of linear integral equations for 
expansion coefficients of radiation modes in both sub-structures and expansion coefficients for reflected Scholte-
Stoneley eigenmodes in the first sub-structure was derived and solved by the method of successive approximations.  
   For the case of the incident Scholte-Stoneley or bulk waves, transmitted and reflected bulk waves together with 
reflected Scholte-Stoneley waves are excited. The incident Scholte-Stoneley wave energy is mainly located in the 
liquid; therefore, most of its energy is transformed into the transmitted bulk wave at the edge of the plate and 
reflection can be neglected in a zeroth-order approximation. Numerical calculations were performed for aluminum 
plate of 1 cm thickness immersed in water at 5 MHz frequency of the incident Scholte-Stoneley wave (Briers et al. 
(1997)). As expected, the calculation results reveal the strong maximum of transmitted bulk wave amplitude (being 
about the incident wave amplitude) along the propagation directions close to the incidence plane where incident 
Scholte-Stoneley wave propagates. The reflected bulk waves have been calculated in a first-order approximation 
using zero-order calculation results for transmitted bulk waves. The secondary maxima of reflected bulk waves 
appear above and beneath the incidence plane near the reflected Rayleigh angle (about 300 for aluminum) with much 
smaller amplitudes of about two orders of value less (above the incidence plane) and three orders of value less 
(beneath the incidence plane on the opposite plate side) compared to the transmitted lobe maximum amplitude. 
   For the case of an incident bulk wave, Scholte-Stoneley waves are excited at the division plane 0z = . If the 
incident bounded beam propagates from the second sub-structure, Scholte-Stoneley wave amplitude can be 
calculated in a zeroth-order approximation; otherwise this calculation is performed in a first-order approximation. 
The calculation results reveal strong maximum of the excited Scholte-Stoneley wave amplitude being of the order of 
the incident bounded beam maximum amplitude, if the incident beam is directed to the plate edge from the 
homogeneous liquid and propagates almost parallel to the plate planes. This result is however overestimated if the 
bounded beam reflection from the plate edge is neglected. If the plate edge is insonified by the bounded beam 
incident in the first sub-structure, the excited Scholte-Stoneley wave maximum amplitude takes place near the 
Rayleigh angle of the bounded beam incidence and this maximum amplitude is several times smaller than in the 
previous case of the plate edge insonification from the homogeneous liquid. 
 
3.2. Interaction of Lamb modes with delaminations in plates coated by highly absorbing materials 
 
   A bilayer consisting of two parallel layers with y coordinates 0 y  d1 and d1 y  d, respectively, represents a 
non-homogeneous structure in this sub-section. The layers are in perfect mechanical contact (the first homogeneous 
sub-structure) everywhere except the delamination region (the second homogeneous sub-structure) between 0z =  
and z L= . Bilayer surfaces y = 0, y = d are assumed to be stress-free and mechanical contact between the layers in 
the delamination region is broken. We consider two types of delaminations: stress-free delaminations represented by 
the absence of mechanical contact between the opposite layer surfaces, and slip delaminations described by slip-
boundary conditions between the media above and below the interface 1y d= . Lamb modes of an absorptive bilayer 
represent complete sets of modes in the homogeneous sub-structures. Using the boundary and orthogonality 
conditions on division planes 0z =  and z L= , the infinite system of linear algebraic equations for expansion 
coefficients of Lamb modes in sub-structures was derived. In order to reduce the calculation time, it is necessary to 
restrict the number of modes taken into account, and thus solve for an approximate solution. Numerical calculations 
have been performed for a bilayer consisting of non-absorptive steel and highly absorptive rubber layers each having 
the thickness of 0.5 mm at 0.6 MHz frequency of the incident Lamb modes, taking into account 30 right-going (and 
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left-going waves, when applicable) in every sub-structure. The experimentally measurable normal displacement 
amplitudes were analysed at the steel (y = 0) and rubber (y = d) bilayer surfaces.        
   The steel energy cannot be transmitted to the rubber just next to it in the presence of a stress-free delamination. 
Because there is no energy-carrying wave in the rubber, the rubber surface displacement drastically drops above a 
delamination. Therefore, the steel-born waves are decoupled from the energy absorbing rubber in the region of a 
stress-free delamination and the transmitted wave amplitude is larger than without delamination. This effect also is 
present on the steel side and it becomes particularly visible with increasing delamination length. A slip delamination 
does not much influence the mode wavenumber nor the normal movement coordination between the steel and rubber 
layer, such that the rubber displacement is less affected than for a stress-free delamination, but slip delaminations 
can be also revealed by monitoring the amplitude of a steel-like incident S0 mode due to more tangential character 
of its displacement field.  
 
3.3. Nonlinear modulation of Lamb modes by clapping delaminations 
 
   A non-homogeneous structure in this sub-section is assumed to be exactly the same as in the previous sub-section, 
but it is suggested that acoustic waves of a moderate to high power can considerably modulate the stress-free 
delamination thickness, such that the mechanical contact between parts of the delamination interfaces is temporarily 
restored during strongly compressive motions; this leads to the appearance of a “clapping” effect. We simplify the 
problem of a probing periodic Lamb wave in a bilayer that is interacting with a clapping delamination by assuming 
that the clapping is independently induced either by a slowly varying periodical external force, uniformly exerted on 
the whole delamination region, or by another Lamb mode of much smaller frequency that is itself not affected by the 
clapping. In these two cases, an approximate quasistationary approach was used to calculate the time dependence of 
the expansion coefficients for probing Lamb mode and the time dependence of the dynamic displacement pattern, 
which includes the fundamental probing frequency as well as cross-modulation induced sum and difference 
combinations between the probing and modulating frequencies and their harmonics.  
   The concrete case of threefold delamination geometry is considered suggesting that delamination consists of three 
parts: a left and right exterior open part for, respectively, 0 z  z1 and z2 z  L and an interior closed part for z1 z 
 z2; in the absence of a modulating wave, the delamination is considered open overall. The modal expansion 
analogous to that of sub-section 3.2 is used to calculate expansion coefficients of transmitted and reflected Lamb 
modes in a bilayer; calculation parameters are the same as in sub-section 3.2. Because of the dynamically changing 
interaction, cross-modulation occurs, leading to a frequency mixing process and an enrichment of the frequency 
spectrum of the normal displacement signal evaluated at the free surfaces of the bilayer. In the case of a rubber-steel 
bilayer, the impact of nonlinear frequency mixing is quite localized at the delamination site, indicating that for this 
kind of material the detection of sum and difference frequency components can be an efficient tool to detect hidden 
delaminations with higher contrast and spatial resolution than detecting mode conversion effects at the probing 
frequency, as is done in linear acoustics. The more realistic model, where the delamination is closed at rest—and 
thus invisible for Lamb waves linearly interacting with it—and opened during strong tensile motions was also 
analyzed using the quasistationary approach. Because of its high sensitivity to slip, the displacement field on the 
rubber side of a steel-like incident S0 mode is strongly affected by perfect/slip modulation, in particular near the 
delamination edges, where most of the local modes are generated. Therefore mapping the cross-modulation 
components of a probing mode could serve as a sensitive tool to reveal the existence of a delamination and to locate 
its edges, not only on the free rubber side, but also on the free steel side.  
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